Graphene is the first model system of two-dimensional topological insulator (TI), also known as quantum spin Hall (QSH) insulator. The QSH effect in graphene, however, has eluded direct experimental detection because of its extremely small energy gap due to the weak spin-orbit coupling. Here we predict by ab initio calculations a giant (three orders of magnitude) proximity induced enhancement of the TI energy gap in the graphene layer that is sandwiched between thin slabs of Bi 2 Te 3 (or Sb 2 Te 3 , MoTe 2 ). This gap (∼ 1 meV) is accessible by existing experimental techniques, and it can be further enhanced by tuning the interlayer distance via compression. We reveal by a tight-binding study that the QSH state in graphene is driven by the Kane-Mele interaction in competition with Kekulé deformation and symmetry breaking. The present work identifies a new family of graphene-based TIs with an observable and controllable bulk energy gap in the graphene layer, thus opening a new avenue for direct verification and exploration of the long-sought QSH effect in graphene. 72.80.Vp, The discovery of topological insulators (TIs) represents one of the most important advances in physics and materials science in recent years [1, 2] . These materials possess intriguing characteristics that enrich fundamental understanding of electronic and transport properties and promise exotic device applications. Of particular interest are the two-dimensional (2D) TIs that exhibit qualitatively new behavior described by the quantum spin Hall (QSH) effect that supports gapless spinpolarized edge states against backscattering, thus capable of sustaining dissipationless current [3] [4] [5] . Kane and Mele first predicted the QSH effect in graphene [3] , which has since been widely regarded as a prototypical model system for 2D TIs [1, 2] . The intriguing QSH effect, however, has eluded direct experimental detection because the bulk energy gap of graphene turns out to be extremely small (10 −3 meV) due to its weak spin-orbit coupling (SOC) [6, 7] . Subsequent studies have proposed to enhance the SOC in the graphene lattice by heavy adatom doping [8, 9] or to explore other materials [1, 2] . Recent experiments have reported synthesis of heterostructures comprising a van der Waals (vdW) epitaxy of high-quality ultrathin 3D TI Bi 2 Se 3 grown on a pristine graphene substrate using the vapor-phase deposition method [10, 11] . It was argued that the proximity effect across the interface would significantly enhance the SOC in graphene [12, 13] . Such heterostructures, however, suffer a critical drawback in that they are topologically trivial insulators despite the enhanced SOC, thus are not expected to exhibit the QSH effect. Turning graphene into a true 2D TI with a measurable bulk energy gap remains an outstanding challenge.
The discovery of topological insulators (TIs) represents one of the most important advances in physics and materials science in recent years [1, 2] . These materials possess intriguing characteristics that enrich fundamental understanding of electronic and transport properties and promise exotic device applications. Of particular interest are the two-dimensional (2D) TIs that exhibit qualitatively new behavior described by the quantum spin Hall (QSH) effect that supports gapless spinpolarized edge states against backscattering, thus capable of sustaining dissipationless current [3] [4] [5] . Kane and Mele first predicted the QSH effect in graphene [3] , which has since been widely regarded as a prototypical model system for 2D TIs [1, 2] . The intriguing QSH effect, however, has eluded direct experimental detection because the bulk energy gap of graphene turns out to be extremely small (10 −3 meV) due to its weak spin-orbit coupling (SOC) [6, 7] . Subsequent studies have proposed to enhance the SOC in the graphene lattice by heavy adatom doping [8, 9] or to explore other materials [1, 2] . Recent experiments have reported synthesis of heterostructures comprising a van der Waals (vdW) epitaxy of high-quality ultrathin 3D TI Bi 2 Se 3 grown on a pristine graphene substrate using the vapor-phase deposition method [10, 11] . It was argued that the proximity effect across the interface would significantly enhance the SOC in graphene [12, 13] . Such heterostructures, however, suffer a critical drawback in that they are topologically trivial insulators despite the enhanced SOC, thus are not expected to exhibit the QSH effect. Turning graphene into a true 2D TI with a measurable bulk energy gap remains an outstanding challenge.
In this Letter, we propose a new strategy to solve this challenging problem by constructing quantum well (QW) structures where a graphene layer is sandwiched between properly selected materials with strong SOC. First-principles calculations show that graphene sandwiched between two single quintuple-layers (QLs) of Bi 2 Te 3 exhibits a proximity enhanced band gap of 1.2 meV at the graphene Dirac point, which is a three-orders-of-magnitude enhancement over its intrinsic gap. The obtained QSH state is characterized by the topologically nontrivial Z 2 index and an explicit demonstration of the presence of topological edge states. Moreover, external compression can effectively adjust the interlayer distance and thereby tune and further enhance the gap, making it both measurable and controllable by existing experimental techniques. The present graphene-based QW construction is versatile in materials choice and robust against interlayer mismatch in both lattice constants and commensurability; QSH states are also obtained by sandwiching graphene between thin slabs of Sb 2 Te 3 or MoTe 2 where material and structural variations do not change the fundamental physics of the 2D TI phase in the graphene layer. We reveal by a tight-binding study that the topological phase transition is dominated by the competition of the enhanced Kane-Mele interaction and the Kekulé deformation and symmetry breaking by interlayer stacking patterns. The present results suggest an effective way to construct and study QSH effect in graphene via proximity enhanced SOC in a new family of 2D TI structures.
First-principles calculations based on the densityfunctional theory (DFT) were carried out using the Vienna Ab Initio Simulation Package (VASP) [14] . The exchangecorrelation interaction was treated within the generalized gradient approximation of the Perdew-Burke-Ernzerhof type [15] . Projector augmented wave potentials were employed to represent the ions. The SOC was included in the calculations. To describe the vdW type interaction between graphene and the TI surface, we employed a semiempirical correction by Grimme's method [16] .
We show in Fig. 1 the proposed QW structure where a graphene layer is sandwiched between two Bi 2 Te 3 QLs. This structural construction preserves the inversion symmetry, and the resulting lattice mismatch is relatively small at 2.8% be- Fig. 1d . Figure 1e shows the calculated (including the vdW and SOC interactions) binding energy E b =E QW -E T I -E graph , where E QW , E T I and E graph are total energies of the QW, two Bi 2 Te 3 QLs and graphene, respectively. The equilibrium binding distances in the hollow and top configuration are 3.42 Å and 3.50 Å with binding energies of 112 meV and 100 meV per carbon atom, respectively. Below we will focus on the more stable hollow configuration.
The freestanding components of the constructed QW structure have their distinct electronic properties. For the graphene layer with a √ 3 × √ 3 supercell, the two Dirac valleys at the K and K ′ points are folded onto the Γ point in the Brilloun zone, as shown in Figure 1b , and the corresponding Dirac bands are four-fold degenerate (including the spin degeneracy). While bulk Bi 2 Te 3 is a well-defined 3D TI with a single Dirac cone, the interaction between the states on opposite surfaces of the single QL Bi 2 Te 3 opens a gap that removes the helical Dirac cone, converting the QL to a normal 2D insulator [17] [18] [19] .
The electronic band structure of the QW (see Fig. 2 ) contains a pair of Dirac cones near the Fermi level, which are exclusively contributed by graphene according to a band state analysis. We first examine the case without considering the SOC. The graphene Dirac cones remain four-fold degenerate as in the freestanding case, but a sizable band gap (E g = 41 meV) has opened up (see Fig. 2a ). Since the Te atoms in Bi 2 Te 3 are located in the center of the carbon hexagonal rings on both sides of the graphene layer, the AB sublattice symmetry of graphene is preserved. There is, however, a symmetry breaking associated with the presence of the Bi 2 Te 3 slabs. From Fig. 1c , one can see that the three nearest neighbors of a carbon site are no longer equivalent, and among the three C-C bonds connecting these nearest neighbors, two of them each crosses a Bi-Te bond in the adjacent Bi 2 Te 3 layer and one crosses a Bi-Bi bond. This type of symmetry breaking is described by the Kekulé deformation, which leads to the opening of a band gap [20] .
The strong SOC in Bi 2 Te 3 is expected to produce considerable proximity-induced SOC in the graphene layer, thus influence the electronic properties. Our calculations show that, when the SOC is switched on, the Dirac bands of the graphene layer remain inside the gap of the Bi 2 Te 3 slabs, but there is a band splitting near the Fermi level, turning the original fourfold degeneracy into a two-fold one (spin-degeneracy is still preserved). This band splitting is attributed to the fact that the induced SOC by adjacent Bi 2 Te 3 slabs has an effective repulsive interaction for the folded Dirac bands at the Γ point. Another profound effect of the SOC on the band structure is a significant shift of the graphene Dirac bands toward the Fermi level (see Fig. 2b ). It brings the two Dirac cones on the opposite side of the Fermi level into close proximity and, as we will show below, this produces a topological phase transition in the band structure of the QW structure, rendering it a true 2D TI. The resulted TI band gap of 1.2 meV represents a three-orders-of-magnitude enhancement over that of freestanding graphene, making it practical to detect and study the QSH effect in graphene. It is worth noting here that while the Bi 2 Te 3 films play a key role in generating the proximity enhanced TI band gap in the graphene layer, their electronic bands do not mix with those of graphene near the Fermi level, making the QW structure a desirable (i.e., "clean") system for study of the QSH effect in graphene.
The fundamental nature of the topological insulator state is captured by the parity of its electronic states as measured by the Z 2 index [21] . The inversion symmetry of our constructed QW structure guarantees that the parity of the Bloch wave functions is a good quantum number. We calculate the Z 2 index of the electronic states in the Bi 2 Te 3 /Graphene/Bi 2 Te 3 QW structure by a direct evaluation of the parity eigenvalues following the Fu-Kane criteria [21] . When the SOC is turned on, the product of all the valence band parities at the two timereversal invariant k-points, Γ and M, is found to be "−", which indicates Z 2 =1, thus confirming that the QW structure is a 2D topological insulator. Meanwhile, one can also deduce the 2D TI state in the QW structure from a simple band inversion picture. Without the SOC, the two highest valence bands exhibit "+" parities at the Γ point, while the two lowest conduction bands have "−" parities, as illustrated in Fig. 2a . When the SOC is switched on, the highest valence band and the lowest conduction band get inverted and swap their parities. This inversion between two bands with opposite parities induces the nontrivial Z 2 phase. Another way to track the topological phase transition here is to examine the effect of the coupling strength between the Bi 2 Te 3 films and the graphene layer. We artificially move the Bi 2 Te 3 films toward the graphene layer from a far-away position and investigate the evolution of the band structures. Results in Fig. 2c show that at the interlayer distance of 4.3 Å (i.e., a deviation from the equilibrium distance ∆d=0.9Å), the band gap is 10 meV, but it is quickly reduced to 5 meV at ∆d=0.81Å and then completely closed at ∆d=0.75Å. At further reduced interlayer distance, however, the band gap reopens. This band gap closing and reopening is a signature of a band inversion, and the reopened gap represents a topologically nontrivial insulator as confirmed by our explicit calculation of the Z 2 index. Further reduction of the interlayer distance from the equilibrium value, which can be realized by external compression, leads to additional increase of the band gap E g that can reach 2.4 meV at ∆d = −0.45 Å, which corresponds to a compressive pressure of 2.6 GPa that is easily achievable by available experimental techniques. This suggests an effective method to controllably tune and increase the TI band gap of graphene, which should facilitate the study of the QSH effect.
To unveil the mechanism and the underlying physics of the band inversion and topological transition obtained from the ab initio calculations, we perform a tight-binding (TB) study on graphene and adjust the TB parameters to simulate the effects of the bonding environment in the QW structure and the external compression. We write the Kane-Mele Hamiltonian [3, 22] in a honeycomb lattice for the graphene lattice as,
The first term in Eq. (1) is the hopping matrix, and in a nearest-neighbor model for freestanding graphene t = 2.60 eV [23] . In the presence of the Bi 2 Te 3 films, however, the t i j in the graphene layer becomes site-dependent due to a symmetry breaking cause by the Kekulé deformation that is driven by the hybridization between the graphene and Bi 2 Te 3 layers. The second term is the SOC, and in pristine graphene λ is about 10 −3 meV, which is significantly enhanced by the Bi 2 Te 3 films via the proximity effect; s z is the z-compound of the Pauli matrix. The parameters v i j =-v ji =±1 depend on the orientation of the two nearest-neighbor bonds as the electron hops from site i to j: v i j =+1 if the electron makes a left turn to the second bond, and it is −1 if it makes a right turn.
Specifically, the Hamiltonian in the momentum space for one of spin species can be expressed as
ik y + e ik x , and it is noted that H k↑ = H * k↓ . The difference between t ′ and t reflects the effect of the Kekulé deformation that describes the different bonding and hopping environment as discussed above (see Fig. 1c ).
We first examine the effect of the Kekulé deformation on the electronic band structure without considering the SOC, and the results are shown in Fig. 3a . The asymmetry in the hopping parameters produces a band gap 2∆t (∆t = t ′ − t), and a fitting to the ab initio band gap of 41 meV gives t ′ = 2.62 eV; the corresponding parity eigenvalues are (++,−−) for the two conduction bands and two valence bands, respectively, corresponding to a topologically trivial insulator state. Once the SOC is turned on and its strength gradually increased, the degenerate Dirac cones at the Γ point split by an effective SOC induced repulsive interaction, reducing the gap for one pair of the Dirac cones and increasing the gap for the other. When the SOC reaches 3.85 meV, the declining gap is completely closed as shown in Fig. 3b , indicating the critical point of the band inversion. Further increasing SOC reopens the gap, leading to an inverted band structure near the Fermi level with a new parity sequence of (+−, +−) that characterizes a true 2D TI phase. At the SOC value of 4.06 meV, the inverted band gap reaches the value of 1.2 meV (Fig. 3c) as predicted by the ab initio calculations in the equilibrium QW structure. These TB results offer important insights into the competing roles of the Kekulé deformation and the proximity induced SOC effect in the graphene layer. At the graphene Dirac point, the Kekulé term opens a topologically trivial insulator band gap (2∆t), while the Kane-Mele term (SOC) produces a topologically nontrivial band gap (6 √ 3λ). These two terms combine to determine the final band gap E g =2∆t − 6 √ 3λ. When the SOC term is dominant and E g is negative as in the present case, it indicates an inverted band gap and a TI phase; otherwise it signifies a trivial insulator phase. Another characteristic feature of a 2D TI is the existence of 1D helical edge states. For an explicit inspection of this topological feature, we have constructed a zigzag graphene ribbon that comprises 60 carbon chains with a width of 14.76 nm. We calculated the TB band structure using the parameters t = 2.60 eV, t ′ =2.62 eV, and λ=4.06 meV that are mapped out from fitting the ab initio band structure. We indeed obtained a pair of gapless edge states inside the 2D bulk gap as shown in Fig. 3(e) . These states are localized at both edges of the ribbon, and at a given edge two counter-propagating edge states exhibit opposite spin polarizations, showing their 1D helical feature (i.e., spin momentum locking).
The 2D TI state in graphene-based QW structure is not limited to the Bi 2 Te 3 case. It can be generalized to other materials that share a common thread of having a band structure that can accommodate the graphene Dirac cones inside its gap and possessing a SOC that can pull these Dirac cones into close proximity to induce a topological band inversion. We first explore the QSH state in graphene sandwiched between two single QLs of Sb 2 Te 3 , which has the same structure but weaker SOC compared to Bi 2 Te 3 . Without considering the SOC effect, the Kekulé deformation produces a topologically trivial band gap of 37 meV, which is similar to the 41 meV gap in the Bi 2 Te 3 case shown in Fig. 2a . A full calculation with the SOC included only reduces the gap by 22 meV (compared to the 41 meV reduction in the Bi 2 Te 3 case) to 15 meV, and the QW structure remains a topologically trivial insulator. Nevertheless, further reduction of the band gap and eventual band inversion can be achieved by compressing the interlayer distance. At ∆d=−0.35Å, the Sb 2 Te 3 /graphene/Sb 2 Te 3 QW enters a 2D TI phase and at ∆d=−0.45Å, we obtained a topologically inverted band gap of 2.0 meV, which is smaller but comparable to the gap (2.4 meV) in the Bi 2 Te 3 case at the same ∆d. These results indicate that the same mechanism discussed above for producing a TI phase in the QW structure also operates here and, in particular, adjusting the proximity enhanced SOC by compressing the interlayer distance is still effective in tuning the transition to the 2D TI phase.
Both Bi 2 Te 3 and Sb 2 Te 3 are 3D TI although they become topologically trivial insulators in single QLs [1, 2] . Selection of a 3D TI, however, is not a prerequisite for constructing the 2D TI QW structures. Here we present a case study of graphene sandwiched between two single triple-layers (TLs) of MoTe 2 , which is not a 3D TI but possesses strong SOC [24] . The significantly smaller lattice constant of MoTe 2 (3.56 Å) precludes an interlayer stacking that preserves the AB sublattice symmetry in the graphene layer. In our structural model, we match a 3×3 graphene supercell with a 2×2 MoTe 2 supercell (see Fig. 4a, 4b) , and the resulting structure has an optimized interlayer distance of 3.34 Å and a relatively small lattice mismatch of 3.6% between the MoTe 2 and graphene layer. A conspicuous structural feature here is that, unlike the highly ordered interlayer stacking in the Bi 2 Te 3 and Sb 2 Te 3 cases, the MoTe 2 and graphene layers have an incommensurate stacking pattern that breaks the translational symmetry in the graphene layer, and this broken symmetry leads to inhomogeneous effective on-site energy at the carbon sites that would lift the band degeneracy. This is confirmed by our ab initio band structure calculations that show that the graphene Dirac cones, which are located inside the band gap of MoTe 2 , indeed split without considering the SOC, and a topologically trivial band gap of 5 meV is opened near the Fermi level (Fig.  4e) . Due to the lack of the inversion symmetry, the parity criteria for topological insulators does not apply here. We take an alternative approach to testing the topological nature by tracking the evolution of the conduction and valence bands in response to an artificial tuning of the SOC strength [25] . A continuous tuning of the SOC is achieved by adjusting the speed of light c in the VASP package. Results in Fig.4(d) show that when SOC is turned on and increased, the band gap of the QW decreases as expected for a topologically trivial insulator, and the band gap closes at 90% SOC (Fig. 4f ) but then reopens and increases with rising SOC. At 100% SOC (i.e., the actual SOC value determined by the ab initio calculations), we obtained an inverted band gap of 0.7 meV (Fig. 4g) . These results demonstrate that the 2D TI phase in QW structures is versatile in material choice and robust against variations in the interlayer stacking patterns. The insensitivity to material and structural details for the topological phase transition in this new family of QW structures bodes well for experimental synthesis and exploration of QSH state in graphene. In summary, we have identified by ab initio calculations a new family of quantum well structures that exhibit the 2D TI state in the graphene layer that is sandwiched between thin slabs of strong-SOC materials. The topological phase transition in the graphene layer is driven by proximity enhanced SOC effect that competes with the influence of the broken translational symmetry caused by anisotropic or incommensurate interlayer stacking. The resulting TI band gap is three orders of magnitude larger than that in pristine graphene, making it accessible to experimental probes. This gap can be tuned and further enhanced by compressing the interlayer distance between graphene and strong-SOC materials. These quantum well structures, which can be synthesized by available epitaxy techniques, offer a promising new template for direct verification and systematic study of the quantum spin Hall effect in graphene. 
